Effect of P\'{e}clet number on miscible rectilinear displacement in a
  Hele-Shaw cell by Pramanik, Satyajit & Mishra, Manoranjan
Effect of Pe´clet number on miscible rectilinear displacement in a
Hele-Shaw cell
Satyajit Pramanik, Manoranjan Mishra
Department of Mathematics, Indian Institute of
Technology Ropar, Rupnagar - 140001, Punjab, India
(Dated: October 1, 2018)
Influence of fluid dispersion on the Saffman-Taylor instability in miscible fluids
has been investigated both in the linear and nonlinear regimes. The convective char-
acteristic scales are used for the dimensionless formulation that incorporates Pe´clet
number (Pe) into the governing equations as a measure for the fluid dispersion. A
linear stability analysis (LSA) has been performed in a similarity transformation
domain using the quasi-steady-state approximation. LSA results show that systems
with large Pe become more unstable and the onset of instability occurs earlier com-
pared to the case when Pe is smaller. Variations of the most unstable wave number
and the cut-off wave number with Pe have been analyzed. Fourier spectral method
has been used for the numerical simulations of the fully nonlinear system. The results
indicate that the wave numbers of the unstable modes increase with Pe. Influence of
the anisotropic dispersion on the onset in both the linear and nonlinear regimes has
been analyzed. Large transverse diffusivity increases the length scale of the fingers
quickly and merges the fingers to generate coarser fingers. Finally the combined
effect of the Korteweg stress and Pe in the linear regime has been perused. In the
presence of the Korteweg stresses and depending upon various flow parameters, a
fluid system with larger Pe exhibits smaller instantaneous growth rate than with
smaller Pe, which is a counter-intuitive result.ar
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2I. INTRODUCTION
Displacement mechanism in porous media plays significant role in several industrial and
environmental processes, such as secondary and tertiary oil recovery [1], hydrology [2], chro-
matography [2–4], aquifers [2] and geodynamics [5], etc. Recently, over the last one decades
and half researchers and scientists face challenges to capture the environmental CO2 and
store them for longer period in order to reduce the amount of carbon released in the air.
This also involves the displacement in porous rock. Looking into the vast area of industrial
and real life applications it is very important to study such multiphase flow problems in
porous media. In all such displacement processes a convective instability takes place when a
less viscous fluid displaces another fluid of higher viscosity. These instability patterns looks
like fingers - hence called viscous fingering (VF) instability or the Saffman-Taylor instability
[6] (sometimes also called Hill’s instability [7]). Researchers have investigated about the dy-
namics of these instabilities over several decades for both the immiscible and miscible fluids.
In the case of the former surface tension acts as a stabilization factor, whereas in the miscible
fluid dispersion plays an important role in the stabilization of the system. Motivated by the
pioneering work of Saffman and Taylor [6] several authors carried out various LSA [8–12] to
capture the onset of instability and also performed nonlinear simulations [13–15] to analyze
the dynamic pattern of the instability. Tan and Homsy [10] presented LSA for VF insta-
bility in classical single interface fluid displacement using quasi-steady-state-approximation
(QSSA) method and initial value problem (IVP) approach. Following the work of Tan and
Homsy [10], Kim and Choi [11] performed LSA using QSSA in a similarity transformation
domain and a spectral analysis. It has been shown that the results obtained from their
analyses are physically more relevant than those of QSSA, and are also in accordance with
the IVP results. Pramanik and Mishra [12] carried out self-similar QSSA (SS-QSSA) to
investigate the onset of instability for the single interface VF as well as displacement of
localized fluid of finite extent both in the presence and absence of the Korteweg stresses.
Their analyses determine the effect of width of the finite fluid on the onset of VF instability.
Dimensionless formulation of the mathematical model is an integral and indispensable
part of the theoretical investigations. In principle, such formulations are not unique and
they depend upon the choice of the characteristic scales based on their presence in the
model and/or the interest of the particular study. Two different types of characteristic
3scales are mainly used in the literature of miscible viscous fingering instability. One uses the
diffusive length
(
Dx
U
)
and time
(
Dx
U2
)
as the characteristic length and time scales,[2–4, 10–
13] whereas in the other convective length (Ly) and time
(
Ly
U
)
[8, 9, 14, 15] are used for the
same. Here, Dx and U represent the axial dispersion coefficient and the uniform displacement
speed of the fluid in a Hele-Shaw cell of width Ly. The latter formulation induces explicit
dependence of the fluid dispersion in terms of the dimensionless parameter Pe´clet number,
Pe, which is the ratio of the convective to the diffusive fluxes caused by the compositional
gradients in the fluid. However, in the former explicit influence of fluid dispersion on miscible
viscous fingering is hard to incorporate through linear stability analysis. Tan and Homsy
[8] performed a linear stability analysis to analyze the influence of Pe on the miscible radial
source flow displacement in porous media. This study shows the existence of a critical Pe´clet
number, Pec, below which diffusion is large enough such that all the perturbations remain
stable. Zimmerman and Homsy [14] carried out nonlinear simulations using the characteristic
length of the model to investigate the influence of anisotropic dispersion in miscible VF. Their
investigation elucidate that for large values of Pe one dimensional averaged concentration
profile at large time remains invariant with Pe and anisotropic dispersion. Yang and Yortsos
[9] presented an asymptotic analysis to understand the effect of Pe on miscible VF in Stokes
flow regime between two parallel plates or in a cylindrical capillary. They determined a sharp
upper bound for the Pe number below which the transverse averaging and the conventional
convection-diffusion equation associated with the miscible Hele-Shaw flow is valid.
Discussion of the above-mentioned literature reveals the fact that rigorous investigation
about explicit dependence of fluid dispersion or Pe number on the miscible displacement is
important in the context of VF in a Hele-Shaw cell. As mentioned earlier this aspect of
miscible VF has been addressed by some of the researchers in the context of linear stability
analysis for radial source flow [8], nonlinear simulations for rectilinear displacement of flat
interface [14] and localized circular fluid [15]. However, to the best of the authors’ knowledge,
investigation about the effect of Pe on miscible rectilinear displacement in the linear regime
was not attempted before. We follow a dimensionless formulation taking the convective
characteristic length and time scales that incorporates Pe as the reciprocal of the dimen-
sionless axial dispersion. The aim of the present study is to investigate the influence of fluid
dispersion on the miscible VF instability through self-similar linear stability analysis [12].
4Next, nonlinear simulations have been performed using Fourier spectral method [2, 3, 13]
to investigate the possible effect of fluid dispersion on the interaction of fingers in the non-
linear regime. This is followed by comparison of the linear regime results of the rectilinear
displacements with those of the radial source flow and the fully nonlinear simulations.
It is clear that a slow diffusion mechanism gives rise to steep concentration gradient, which
leads to intense fingering instability as diffusion acts as a stabilization factor in miscible
fluid systems. However, it is well established both theoretically [12, 15, 16] as well as
experimentally [17] that in the presence of steep concentration gradient a non-conventional
stress, called the Korteweg stress [18], appears in miscible fluids. These gradient stresses
stabilize the VF instability. Thus, two opposite phenomena take place out of the same
physical consequence of steep concentration gradient that may lead to interplay between
these two effects. This gives rise to another important question about miscible VF instability,
how a destabilizing and a stabilizing force resulting from slow diffusion co-exist during
the displacement of miscible fluids in a Hele-Shaw cell? These fundamental questions are
addressed in the present study and we try to present a compact qualitative and quantitative
analyses in this paper.
The paper is organized in the following manner. The mathematical formulation of the
problem is presented in Sec. II. Sec. III discusses the linear stability analysis in a self-similar
domain followed by the fully nonlinear simulations in Sec. IV. Next, we discuss the influence
of Pe in the presence of the Korteweg stress in Sec. V followed by the concluding remarks
in Sec. VI.
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FIG. 1. Schematic diagram for the displacement of a miscible fluid by another fluid in a Hele-Shaw
cell or 2D homogeneous porous media.
5II. MATHEMATICAL FORMULATION
A. Governing equations
Consider the displacement of two incompressible, neutrally buoyant fluids, which are
miscible in all proportions in a Hele-Shaw cell or 2D homogeneous porous media as shown in
Fig. 1. Conservation of momentum in a Hele-Shaw cell is described by Darcy’s law, which is
mathematically analogous to the flow in homogeneous porous media. The viscosities of the
resident and the displacing fluids are µ2 and µ1, respectively, and they strongly depend on
the solute concentration c. As mentioned earlier, we choose the width (Ly) of the Hele-Shaw
cell as the characteristic length scale. The gap between the two parallel plates of the Hele-
Shaw cell b ( Ly) could be a possible length scale, [19] which is equivalent to the square
root of the permeability
√
κ for a homogeneous porous media of permeability κ = b2/12.
As explained by Tan and Homsy [8],
√
κ is not a suitable choice for the characteristic
length scale, since Darcy’s law is based upon the continuum hypothesis, we choose Ly as
the characteristic length scale in this paper. The characteristic time, velocity, pressure and
viscosity are taken as
Ly
U
,U,
µ1ULy
κ
and µ1, respectively. Thus, the dimensionless equations
governing such flow in a reference frame moving with the speed U of the displacing fluid are,
∇ · ~u = 0 (1)
∇p = −µ(~u+ iˆ) (2)
∂c
∂t
+ ~u · ∇c = 1
Pe
(
∂2c
∂x2
+ 
∂2c
∂y2
)
. (3)
The dimensionless parameters appearing in the the equations are Pe´clet number and the
anisotropic dispersion coefficient, defined as Pe =
ULy
Dx
and  =
Dy
Dx
, respectively. Here Dy
corresponds to the dispersion coefficient in the transverse direction, which is same as the
molecular diffusion coefficient and the axial dispersion coefficient is Dx =
U2b2
210Dy
. Viscosity
of the fluids are taken to be exponential function of the concentration c, i.e. µ(c) = eRc,
where R is the logarithm of the ratio of the viscosities for the displaced to the displacing fluid.
The fluid velocity is governed by the Darcy’s law, Eq. (2), and the evolution of the solute
concentration is measured through a convection-diffusion equation (Eq. (3)). Here p is the
hydrodynamic pressure and the velocity ~u has the stream-wise and span-wise components u
and v, respectively. These equations are solved simultaneously associated with appropriate
boundary and initial conditions mentioned below.
6B. Boundary and initial conditions
Velocity of the fluid system is set in such a way that initially the complete system was
moving with a uniform velocity U along the stream-wise direction. The displacing fluid is
kept on entering into the domain with that uniform speed resulting the resident fluid to
exit at the same speed from the other end of the Hele-Shaw cell. Solute concentration does
not experience any change across all the boundaries. Therefore, these can be written in the
moving reference frame as,
~u = (0, 0),
∂c
∂x
= 0 as x→ ±∞, (4)
∂v
∂y
= 0,
∂c
∂y
= 0 for y = 0, 1. (5)
The velocity boundary conditions given in Eq. (5) correspond to the constant pressure
at the transverse boundaries [20], where the stream-wise velocity u is arbitrary. The initial
distribution of the solute concentration is c = 0 and c = 1 in the displacing and displaced
fluids, respectively. Hence, the initial condition can be written in the moving reference frame
as,
~u = (0, 0) and c =
0, x < 01, x ≥ 0 , at t = 0. (6)
III. LINEAR STABILITY ANALYSIS
Here we present a linear stability analysis to investigate the influence of Pe on the onset of
VF instability following the SS-QSSA method [12]. The base-state velocity field is assumed
to be a null vector and the base-state concentration field is obtained by solving the 1D
diffusion equation associated with no flux boundary conditions and the initial condition for
the concentration given in Eq. (6). Hence, the base flow can be written as,
~u0 = (0, 0), (7)
c0(ξ) =
1
2
(
1 + erf
(
ξ
2/
√
Pe
))
, (8)
µ0(ξ) = µ0(c0), (9)
where ξ =
x√
t
is the similarity variable. Base-state concentration c0 describes the self-similar
diffusive decay of a step profile. An infinitesimal perturbation has been introduced in order
7to investigate the stability of the base state flow in the linear regime. Linearize the governing
equations at a frozen diffusive time t0 about the base flow to obtain the following equations
in terms of the perturbation quantities,
1√
t0
∂u′
∂ξ
+
∂v′
∂y
= 0, (10)
1√
t0
∂P ′
∂ξ
= −µ0u′ − µ′, (11)
∂P ′
∂y
= −µ0v′, (12)
∂c′
∂t
− ξ
2t0
∂c′
∂ξ
+
1√
t0
dc0
dξ
u′ =
1
Pe
(
1
t0
∂2c′
∂ξ2
+ 
∂2c′
∂y2
)
, (13)
µ′ =
(
dµ
dc
∣∣∣∣
c0
)
c′, (14)
in the similarity transformation domain. Eliminate the pressure and transverse velocity
component from Eqs. (10) - (14) and decompose the perturbation quantities c′, u′ in the
Fourier modes, [12] (u′, c′)(ξ, y, t) = (φ(ξ), ψ(ξ))eiky+σ
∗(k,t0)t. Here k is the wave number of
the sinusoidal perturbation and σ∗ is the instantaneous growth rate of the corresponding
mode. Application of SS-QSSA method followed by simple algebraic calculations yield the
following eigenvalue problem,(
d2
dξ2
+R
dc0
dξ
d
dξ
− k2t0
)
φ(ξ) = Rk2t0ψ(ξ), (15)(
σ∗(k, t0)− 1
Pe
(
1
t0
d2
dξ2
− k2
)
− ξ
2t0
d
dξ
)
ψ(ξ) = − 1√
t0
dc0
dξ
φ(ξ). (16)
Eigenvalues of the system of Eqs. (15) - (16) correspond the instantaneous growth rates of
the perturbations.
Analytic solutions of the eigenvalue problem, Eqs. (15) - (16), are not attainable. Hence
it has been solved following the numerical technique described by Pramanik and Mishra [12].
The obtained results are discussed in Sec. III A to analyze the influence of fluid dispersion
on VF instability in the linear regime away from the initial time, i.e. at t0 6= 0. Sec. III B
compares the results obtained with the radial source flow. It is worthy to mention that the
dimensionless length and time in the two formulations discusses above differ by a factor of
Pe. Putting Pe = 1 along with the isotropic dispersion ( = 1) in the present dimensionless
formulation we retrive the analyses of Pramanik and Mishra [12] in the absence of the
Korteweg stresses.
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FIG. 2. Dispersion curves for R = 3,  = 1 with different Pe values at frozen diffusive time (a)
t0 = 0.01, (b) t0 = 0.1.
A. Numerical results
The main aim of the present study is to investigate the influence of Pe number on VF
instability. Fluid dispersion acts as a stabilization factor in miscible VF. Hence it is expected
that instability will be more dominant when fluid diffuses at a slower rate, i.e. for higher Pe
values. Firstly, we will analyze the influence of Pe number for the simpler case of isotropic
dispersion, i.e.  = 1. Fig. 2 shows the dispersion curves at two different frozen diffusive
times t0 = 0.01, 0.1 for different values of Pe with R = 3. It depicts that for both t0 = 0.01
and 0.1, the dispersion curve for the largest Pe lies above rest of the curves, which are aligned
in the increasing order of Pe. Fig. 2(a) elucidates that for Pe < 500 all the perturbations
have stable instantaneous growth rate. Thus there exists a critical value of Pe, Pec, below
which dispersion is large enough to make all the perturbations stable. However, at t0 = 0.1
the Pec is not the same as that at t0 = 0.01. It is clear that with a decrease in the fluid
dispersion the most dangerous mode, [12] (kmax, σ
∗
max), corresponding the wave number of
that particular disturbance having the largest instantaneous growth rate, increases. It is also
noticed that the cutoff wave number,[12] kc, increases with Pe; however, the threshold wave
number,[12] kt, remains almost unaltered with Pe. These signify that as the fluid dispersion
becomes smaller the growth of the disturbances become larger and simultaneously the width
of the intervals of unstable wave numbers increase.
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FIG. 3. Neutral stability curves (σ∗ = 0) for different Pe values with R = 3,  = 1. Lines with
markers correspond the locus of the kmax at successive times: Pe = 500(), Pe = 1000(©), Pe
= 2000(5).
In order to identify the region of instability the neutral stability curves, contours of
σ∗ = 0, have been drawn for different Pe values on the (k, t0)-plane. Fig. 3 depicts neutral
stability curves for Pe = 500, 1000, 2000 with R = 3. Area above the neutral stability curve
represents the region of instability and the minimum point on this curve corresponds the
critical point (kcric, tcric). This critical point represents the minimum pair of wave number,
k, and the frozen time, t0, for the specific values of R and Pe, in order to the occurrence
of instability. Fig. 3 clearly shows that the regions of instability increase with the increase
of Pe, signifying that the slowest dispersion leads to the sever most instability. The dashed
lines with markers represent the locus of the most unstable wave numbers kmax at successive
times t0 and it is observed that these kmax decrease rapidly at an early time and after some
initial time they evolve very slowly. During this period of time for slow evolution of kmax,
all the curves corresponding to different Pe values propagate almost parallel.
Figs. 4(a) and 4(b) represent the variations of kc and kmax, respectively, with t0 for
different values of Pe and R = 3. It has been observed that kc seems to decrease slower
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FIG. 4. (a) Cutoff wave number kc and (b) the most dangerous wave number kmax as a function
of frozen diffusive time t0 for R = 3; kc ∼ t−0.220 and kmax ∼ t−0.30 .
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FIG. 5. (a) Cutoff wave number kc and (b) the most dangerous wave number kmax as a function
of Pe for R = 3; kc ∼ Pe0.78 and kmax ∼ Pe0.7.
(kc ∼ t−0.220 ) than that of kmax (kmax ∼ t−0.30 ). As mentioned earlier, kc and kmax increase
with Pe for all values of t0 and log-mobility ratio R; we look to investigate the rate at which
they change with Pe for different values of R and t0. Variations of kc and kmax with Pe for
R = 3 and different values of t0 has been plotted in Figs. 5(a) and 5(b), respectively. It
is observed that kc increases more rapidly than kmax; kc seems to increase with Pe at the
rate of Pe0.78, whereas kmax changes with Pe as Pe
0.7. The curves in logarithmic scales are
straight lines with constant slope except a sudden decrease near Pe = 103 in the curve of
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kc for t0 = 0.01 and it does not pass through Pe = 250 (see Fig. 5(a)). However, there is
no such observations for kmax. This signifies that all the perturbations at t0 = 0.01 for Pe
= 250 remains stable, which was clear from the dispersion curves (see Fig. 2(a)). One of
the salient features of linear stability analyses is to determine the onset of instability, which
is difficult to determine accurately from the direct numerical simulations and experiments.
Hence, the critical time for the onset of instability tcric has been determined for different Pe
which is found to vary as Pe−1, and it is presented graphically in Fig. 6(a). Information
about the critical Pe´clet, Pec, for different t0 will be helpful from the experimental point of
view, so that Pe can be used as a control parameter with a fixed t0. Such information can
be easily obtained from the neutral stability curves shown in Fig. 3, which clearly depicts
that as t0 increases the Pec decreases. Fig. 6(b) depicts a linear growth of the corresponding
critical wave number kcric with Pe.
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FIG. 6. (a) Critical time tcric and (b) critical wave number kcric as a function of Pe for different
values of R with  = 1. It is observed that tcric ∼ Pe−1 and kcric ∼ Pe.
In order to validate the qualitative and quantitative influence of Pe on VF instability,
an analytical dispersion relation for a step-like initial concentration distribution has been
computed in the (x, y, t)-coordinate systems and is presented in Appendix A. It has been
found that σ is an increasing function of Pe (see Eq. (A9)), signifying a larger growth rate
of a perturbation with particular wave number, as diffusion becomes slower. Fig. 7 depicts
the qualitative as well as quantitative behavior of σ with Pe, which are in good agreement
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with the growth rates σ∗ computed numerically in self-similar (ξ, y, t)-coordinate system for
t0 > 0 (see Fig. 2), as t0 = 0 is a singular point in the similarity coordinate systems (ξ, y, t).
At time t0 = 0, in the (x, y, t)-coordinate systems, the most unstable wave number and the
corresponding growth rate are found to be, kmax = (2
√
5 − 4)R Pe/4 ≈ 0.118R Pe and
σmax ≈ 0.0225R2Pe2, respectively. Finally the variation of the cut-off wave number with
Pe has been determined by equating the growth rate to zero, which leads to kc = R Pe/4.
Thus, it is found that both the cut-off wave number and the most dangerous wave number
vary linearly with the log-mobility ratio R as well as Pe at initial time t0 = 0.
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FIG. 7. Initial growth rate σ of step-like concentration distribution as a function of the perturbation
wave number k for different Pe values (see Eq. A8).
In order to determine how the variations of these two vital wave numbers with Pe changes
for different frozen diffusive time t0, numerical solutions are obtained for the stability equa-
tions in the (x, y, t)-coordinate system at t0 6= 0. It has been observed that for R = 3 at two
different frozen diffusive times t0 = 0.01 and 0.1, kmax ∝ Pe0.35 and kc ∝ Pe0.5. This signifies
that as time progresses, the diffusive base state concentration looses its steepness and hence
the dependence of kmax and kc on Pe become weaker than those at initial time t0 = 0.
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B. Comparison of the rectilinear flow with the radial source flow
Tan and Homsy [8] mentioned that the principal difference between the rectilinear and the
radial displacement is best described in terms of their base state velocities and the growth of
the perturbations in the respective cases. In the case of the former the base state velocity is
a constant, while for the radial displacement, the velocity varies spatially. This results into
an algebraic growth of the perturbations in the latter case as opposed to exponential in time
for the rectilinear flow. This propels us to investigate how the fluid dispersion drives various
vital parameters, such as kt, kmax, kc, etc. for these two potentially different displacement
processes in porous media.
There lies an appreciable difference between the radial source flow and the rectilinear
flow in porous media that can be readily mentioned is the temporal evolution of the critical
Pe´clet number; in the case of the latter, Pec varies with time unlike the case of the former
where it is independent of time for a fixed value of R. In the rectilinear displacement, the
triplet of the threshold, most dangerous and cut-off wave numbers, (kt, kmax, kc), is found
to vary with the time as opposed to their time independence for the radial source flow [8].
It is mentioned earlier that kmax and kc are found to increase with Pe in the rectilinear
displacement similar to the radial flow. However, in the case of the radial source flow kt is
also found to change with Pe; in fact, it decreases as Pe increases and hence allows larger
wavelengths to be preferable for fingering instability.
Recall, in Fig. 5 it has been shown that kc ∝ Pe0.78 and kmax ∝ Pe0.7. The rates of
variation of these two vital parameters with Pe for the rectilinear displacement are in good
agreement with those for radial source flow, where kc ∝ Pe0.8 and kmax ∝ Pe0.71 [8]. Thus
it is observed that although the radial and the rectilinear displacements are potentially two
different mechanisms, both the qualitative and quantitative influences of Pe on their stability
are almost identical. This result arises since the growth of these two displacement processes
differ in time, not with the dispersion of the systems.
Thus linear stability analysis elucidates some interesting results about the influence of Pe
number and t0 on miscible viscous fingering in the rectilinear displacement in a Hele-Shaw
cell, discussed in III A. Nevertheless, LSA can only predict the growth of an infinitesimal
perturbation at the diffusive fluid interface; not the interactions of the fingers and the
instability patterns. Sec. IV addresses this aspect and compares the results with those of
14
LSA.
(a) (b)
FIG. 8. (a) Density plots of concentration at successive times in a frame moving with the speed of
the displacing fluid with R = 1,  = 1, (a) Pe = 1000, from top to bottom: t = 1, 2, 5, 10; (b) Pe =
5000, from top to bottom: t = 0.5, 1, 2, 5.
IV. NONLINEAR SIMULATIONS
Here we look to investigate how the fluid dispersion influences the long time behavior
of the nonlinear VF interactions. In order to achieve this goal, numerical simulations have
been performed for the fully coupled nonlinear system of equations, Eqs. (1) - (3), along
with the boundary and initial conditions (4) - (6). Stream function-vorticity form of the
dimensionless Eqs. (1) - (3),
∇2ψ = −ω, (17)
∂c
∂t
+
∂ψ
∂y
∂c
∂x
− ∂ψ
∂x
∂c
∂y
=
1
Pe
(
∂2c
∂x2
+ 
∂2c
∂y2
)
, (18)
ω = R
(
∂ψ
∂x
∂c
∂x
+
∂ψ
∂y
∂c
∂y
+
∂c
∂y
)
, (19)
are solved using Fourier-spectral method following various authors (see Tan and Homsy
[13], De Wit et al. [2]). The computational domain is chosen to be [0, Lx/Ly] × [0, 1]
with 1024 × 128 spectra incorporated within a rectangle of aspect ratio 8 : 1. The time
integration has been performed by taking time stepping ∆t = 10−4. Numerical simulations
are performed with 1160× 160 spectra in the same computational domain and ∆t = 10−4.
15
Results obtained from these two sets of simulations are in good agreement with maximum
relative error of O(10−2). Due to the convergence issue of the numerical scheme we restrict
ourselves to R ≤ 2, Pe ≤ 5000 and 0.2 ≤  ≤ 1, and analyze the effect of fluid dispersion on
miscible VF.
Fig. 8 shows density plots of the concentration field at successive dimensionless times
in a reference frame moving with the speed of the displacing fluid for different values of Pe
with R = 1 and  = 1. It depicts that VF instability takes place earlier for the case of small
dispersion, i.e. when Pe is higher. In particular, for Pe = 103 no visible fingers are formed at
time t = 1 (see Fig. 8(a)), whereas at the same time fingers are found to form with a higher
Pe = 5000 (see Fig. 8(b)). It also shows that for smaller dispersion more number of fine
scale fingers are formed, which leads to highly nonlinear interaction of the fingers, giving
rise to more complex dynamical patterns. Both the qualitative and quantitative effects of
Pe on VF will be discussed further in Secs. IV A and IV B.
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FIG. 9. Mixing length (Ld ∝
√
t) in the absence of viscous fingering instability (R = 0) for different
values of Pe. Largest Pe (slowest diffusion) has the minimum mixing length.
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A. Influence of Pe on mixing lengths
In the absence of VF (R = 0), mixing length Ld measures the spread of the fluid region
over which two fluids get mixed [2, 3]. Fig. 9 shows the evolution of Ld’s for different
Pe values in logarithmic scales. It depicts that for all values of Pe, mixing lengths are
proportional to
√
t and the proportionality constant decreases with Pe. Here we determine
the dependence of the proportionality constant Cdiff with Pe, such that Ld = Cdiff
√
t. It
has been observed that Cdiff scales as Pe
−1/2, signifying that the fluids with largest Pe have
the narrowest mixing zone. Such a variation of Ld with Pe is pragmatic, since we know
that the diffusive mixing length varies as the square root of fluid dispersion coefficient, here
1
Pe
; therefore Ld should vary as Pe
−1/2, same as predicted from the numerical simulations.
Hence, all the Ld’s corresponding to different Pe number, after rescaling with Pe
−1/2, are
found to be lying on a single straight line of slope 1/2 in the logarithmic scales (not shown
here). Henceforth, for convenient we rescale all the mixing lengths with Pe−1/2 and perseude
further discussions.
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FIG. 10. (a) Positive mixing length (L+d ) and (b) negative mixing length (L
−
d ) for different values of
Pe, scaled with Pe−1/2, for R = 1,  = 1. Deviation from the purely diffusive mixing length happens
earliest for the slowest diffusive system, i.e. for the case of highest Pe value. The corresponding
time and the distribution of the concentration field are depicted in the insets of (a), showing the
fingers.
In the presence of the VF instability two different mixing lengths are discussed in the
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literature;[21] positive and negative mixing lengths, L+d and L
−
d , respectively, which typically
measure the lengths of the fingers in the downstream and upstream directions. Next, we
analyze the influence of Pe on the rescaled positive and negative mixing lengths,
√
Pe L+d
and
√
Pe L−d , which are presented in Figs. 10(a) and 10(b), respectively. They depict that
at an early time both L+d and L
−
d follow diffusive scaling and depending upon Pe, after
a particular time they propagate with a different power law higher than 1/2. Both L+d
and L−d are seen to propagate as t
2 immediate after the onset of fingering for all values
of Pe. Nevertheless, L+d sustains this power law for a relatively longer period than L
−
d , as
the latter one is formed in the upstream direction against the flow. This change in the
propagation rate of the mixing lengths are due to the fingering effects and the instant, when
the mixing lengths deviate from diffusive scale to fingering scale, seems to be the onset of
nonlinear fingers. However, it has been observed that the fingers start to appear even before
that particular instant, but either of the mixing lengths fails to capture it properly as these
fingers are of very small amplitude and are confined within the diffusive layers. Nevertheless,
the interfacial length,[3] I(t) =
∫ 1
0
∫ Lx
0
[(
∂c
∂x
)2
+
(
∂c
∂y
)2]1/2
dxdy, captures the onset of
nonlinear fingers, ton, more appropriately. This is defined as the time when I(t) increases
10% from its constant value in the diffusive regime, which equals the dimensionless width of
the computational domain. As expected, systems with slower dispersion have earlier onset,
since in this case the stabilization due to dispersion is the less and hence fingers form earlier.
B. Influence of Pe on the onset of fingering and wavelength selection
Here the focus of this study is to investigate the influence of Pe on the onset of fingering
instability and wavelengths of the unstable perturbations. A good measure for the visualiza-
tion of the onset of fingering instability, splitting and merging of fingers and wave number of
the unstable fingers is the space-time maps of the positions of the local maxima and minima
of the longitudinally averaged concentration profile, c¯(y, t) =
1
Lx
∫ Lx
0
c(x, y, t)dx. Fig. 11
shows the spatio-temporal evolution of the locations of local maxima and minima of c¯(y, t)
for R = 1,  = 1 and Pe = 500, 2000. It depicts that for Pe = 500 (see Fig. 11(a)) very
few number of local maxima and minima are observed after leaving a void space at an early
time. After almost half of the run-time of the present simulations only two pairs of local
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FIG. 11. Space-time maps of the locations of the local maxima (black) and minima (gray) of the
longitudinal averaged concentration profile c¯(y, t) as a function of time for the case of R = 1,  = 1
with (a) Pe = 500 and (b) Pe = 2000. The dimensionless time t varies from 0 to 10 in the vertical
direction.
maxima and minima are observed with very little deviations of their respective positions.
On the other hand, for Pe = 2000 (see Fig. 11(b)) the local maxima and minima are densely
crowded for small values of t without any void at early time. It further depicts that more
number of local maxima and minima remain present even after sufficiently long time. These
signify that in the case of large diffusion coefficient the onset of fingering takes place at a
later time compared to the situation with smaller diffusion and the number of fingers is
significantly less in the case of the former than the case of latter.
Numerical simulations are performed for five different initial noise corresponding to each
Pe for a fixed R, and then an arithmetic mean of the obtained results has been taken to
get the relation between ton and Pe. The dependence of ton on Pe has been represented in
Fig. 12 that depicts that ton varies as Pe
−1.1 for R = 1. Simulations are performed with
different R and it turns out that such a quantitative dependence of the onset time, ton, on
Pe remains almost unaltered with different values of R (not shown here). Influence of Pe
can also be explained from a different point of view. From the definition of Pe =
ULy
Dx
,
it is clear that Pe is directly proportional to the displacing velocity U . Hence, for a fixed
axial dispersion Dx, increase in Pe corresponds to an increase in U (within the limits of
Darcy velocity) and vice-verse. Taking this into consideration we conclude that increasing
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FIG. 12. Onset time of nonlinear fingers ton as a function of Pe for R = 1,  = 1; ton ∼ Pe−1.1.
Pe will lead to an early onset of fingering, as it is observed in the present study. However,
the dimensionless formulation with diffusive characteristic scales [13] shows the same onset
time, ton, for different Pe, but more number of fingers which is quit reasonable as the width
of the computational domain increases with Pe. Therefore, such a dimensionless model does
not give an insight about the influence of fluid dispersion (i.e. Pe) on the onset of instability,
which has been thoroughly investigated through the present dimensionless model.
Irregular deflections in the space-time map of the local maxima and minima correspond
to the splitting and merging of fingers. It is observed that in the case of small values of
Pe merging is dominant than splitting (see Fig. 11(a)). However, for large values of Pe
occasionally merging is followed by splitting of fingers and they further merge very quickly
among themselves or with other neighboring fingers (see Fig. 11(b)). It further manifests
that for a small Pe value, frozen fingers of constant wavelengths are formed early; whereas
for higher Pe, strong and complex interaction of the fingers persists for sufficiently large
time that retard to forming frozen fingers of constant wavelengths.
Wavelengths of the unstable disturbances can also be measured in terms of the aver-
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FIG. 13. Average wave number 〈k〉 as a function of time for different Pe values with R = 1,  = 1:
Nondimensional formulation with (a) convective characteristic length scale, (b) diffusive charac-
teristic length[13]. In the latter case 〈k〉 appear to be almost identical for both the Pe values.
aged wave number of the longitudinally averaged concentration profile c¯(y, t). The tem-
poral evolution of the average wave numbers 〈k〉 of the unstable modes for different val-
ues of Pe have been presented in Fig. 13 for R = 1,  = 1. Here, 〈k〉 is defined as
〈k〉 = ∑i kiP (ki)/∑i P (ki), where ki are the Fourier modes of the Fourier transform cˆ(ki, t)
of c¯(y, t) and P (ki) = |cˆ(ki)| are the amplitude in the Fourier space. It clearly depicts that
at an early time 〈k〉’s differ significantly for different fluid dispersion (i.e. for different values
of Pe). It also depicts that the wave number and hence the wavelength becomes constant
earlier for smaller Pe values, which also confirms the results depicted in Fig. 11. However,
this is not the case for the dimensionless models derived using diffusive characteristic length
scale (see Tan and Homsy [13]). The average wave number 〈k〉 turns out to be same for all
the Pe values in these formulations. In particular, Fig. 13(b) shows 〈k〉 corresponding to
the dimensionless formulation of Pramanik and Mishra [12] for Pe = 1024 and 2048 with
R = 3,  = 1, in the absence of the Korteweg stresses (i.e. δ = 0). It is observed that
〈k〉 appears to be almost identical for both the Pe values; although the number of fingers
increases with Pe, which widen the computational domain as mentioned earlier.
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FIG. 14. Effect of dispersion anisotropy on (a) Critical wave number kcric and (b) critical time tcric;
kcric decreases at slightly faster rate (kcric ∼ −0.55) than the rate of increase for tcric (tcric ∼ 0.5).
C. Effect of anisotropic dispersion
The dimensionless transverse dispersion coefficient is

Pe
, hence by investigating the in-
fluence of  and keeping Pe fixed we can trace how the anisotrpic dispersion influences VF
instability both in the linear and nonlinear regimes. Influence of anisotropic dispersion in
the linear regime has been analyzed in terms of two critical parameters, kcric and tcric. Figs.
14(a) and 14(b), respectively depict the dependence of kcric and tcric on  for different values
of R and Pe. It is observed that kcric decreases at a slightly faster rate (kcric ∼ −0.55) than
the rate of increase of tcric (tcric ∼
√
) as  increases towards the isotropic value. These
variations are independent of the log-mobility ratio and the Pe´clet number. The eigenvalue
problem (Eqs. (15) - (16)) are further solved for two extreme cases of  1 and  1. It
has been observed that for  ≤ O(10−2) kmax ∝ −0.3, whereas for  ≥ O(101) kmax ∝ −0.9,
for fixed values of Pe and R at t0 = 0.1. These are in sustainable accordance with those ob-
tained by Tan and Homsy [10] from asymptotic analyses for → 0 and →∞, respectively
at t0 = 0; in the former limiting case kmax varies as 
−1/3 and in the latter kmax ∝ −1.
Further investigation has been performed to analyze the dependence of ton on the trans-
verse dispersion coefficient  for a fixed Pe and R. Same as earlier, an arithmetic mean of
the numerical simulations corresponding to the five different initial noise have been used to
determine the dependence of ton on . In Fig. 15, onset time ton has been plotted against 
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FIG. 15. Onset time of nonlinear fingers ton as a function of  with R = 2. For both the values of
Pe ton ∼ 0.44.
for R = 2 and Pe = 500, 1000, which clearly describes that ton increases with  at a rate of
0.44. This physically signifies the fact that small transverse dispersion is not only respon-
sible for fine scale fingers, but also the onset of instability happens to be early when the
transverse dispersion coefficient, , is small. Thus, we observe that the influence of Pe is
stronger on the onset of instability in the nonlinear regime than that in the linear regime,
whereas,  has a stronger impact on tcric than ton. However, in general the axial dispersion
coefficient has a stronger influence than the transverse diffusivity on the onset of instability
both in the linear and nonlinear regimes.
V. INFLUENCE OF PE´CLET NUMBER WITH GRADIENT STRESS
In Sec. III and IV it has been shown that slower dispersion rate (i.e. larger Pe) keeps
the viscosity contrast of the two fluids very sharp, hence gives rise to stronger instability.
Nevertheless, it has been proved both theoretically [12, 18, 22] and experimentally [17] that
steep concentration gradient is responsible for the Korteweg stress, which acts against the
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growth of the perturbations. Therefore, a sharp concentration gradient can give rise to two
opposite actions, stabilization and destabilization, in miscible VF instability. Remaining
of the paper will discuss the interplay between the Korteweg stresses and fluid dispersion
and their subsequent effect on VF. In the presence of the Korteweg stress fluid velocity is
governed by the Darcy-Korteweg equation, [12]
∇P = −µ(~u+ iˆ) + δ∇ · (∇c⊗∇c). (20)
The dimensionless parameter δ, defined as δ =
δˆc22κ
µ1UL3y
, is called the Korteweg stress con-
stant. Linearization of the equations and Fourier mode decomposition of the perturbation
quantities, as discussed in Sec. III, leads to the following eigenvalue problem with Pe and δ
as the flow parameters,(
d2
dξ2
+R
dc0
dξ
d
dξ
− k2t0
)
φ(ξ) = Rk2t0ψ(ξ) +[
k2δ
µ0
√
t0
{
d3c0
dξ3
− dc0
dξ
(
d2
dξ2
− k2t0
)}]
ψ(ξ), (21)(
σ∗(k, t0)− 1
Pe
(
1
t0
d2
dξ2
− k2
)
− ξ
2t0
d
dξ
)
ψ(ξ) = − 1√
t0
dc0
dξ
φ(ξ). (22)
The resultant eigenvalue problem, Eqs. (21) - (22), is solved numerically and the results
obtained are discussed in Sec V A.
A. Numerical results
The objective of this part of the paper is to analyze the influence of fluid dispersion on
VF in the presence of the Korteweg stress. As mentioned earlier, slow fluid dispersion helps
in longer stay of the steep concentration gradient, which acts in favor of the instability and
simultaneously induces the Korteweg stress that acts as a stabilizing factor in this stability
problem. Hence, interplay between these two opposite influences on the fingering instability
is anticipated. Such interplay has been investigated for different Pe values and the dimen-
sionless Korteweg stress parameter δ derived from the corresponding dimensional values
measured for different miscible systems by Pojman and coworkers [17, 23, 24]. Zoltowski
et al. [24] have estimated the Korteweg stress parameter to be on the order of 10−11 N to
10−8 N for a miscible Dodecyl Acrylate-Poly(Dodecyl Acrylate) system using spinning drop
tensiometry in room temperature. In another set of experiments in microgravity Pojman
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et al. [17] have measured this stress parameter as 10−12 N for the honey-water system.
The dimensionless value of the Korteweg stress parameter depends on the characteristic
length, velocity, viscosity and the permeability of the medium. Thus, depending upon these
parameters dimensionless value can take values from a wide range of interval. Typically,
in Hele-Shaw cell experiments [25] or liquid chromatography [26] the uniform displacement
speed ranges over 10−5 ms−1 to 10−2 ms−1. Permeability of porous rock ranges between 1
to 100 mD, i.e. 10−15 to 10−13 m2. Viscosity of water is approximately 1 cP = 10−3 N-s/m2.
The characteristic width of the Hele-Shaw cell is 10−1 m and the gap width between the
parallel plates is O(10−4) m., which corresponds to a permeability b2/12 equivalent to 10−7
m2. Hence, corresponding to the above parameter ranges the dimensionless value of Ko-
rteweg stress parameter becomes ∼ O(10−16) to O(10−4). The sign of the Korteweg stress
parameter has been determined to be negative both theoretically [27] and experimentally
[28]. Since, the maximum relative error of the pseudo-spectral method used in this paper
is of order 10−2 (as mentioned in Sec. IV), the lower limit of the dimensionless parameter
δ is too small to perform numerical simulations. Moreover, due to the convergence of the
numerical technique, discussion of the Kortewge stress effect for a wide range of the dimen-
sionless parameter δ is beyond the scope of this paper. Thus we have taken two different
values from this parameter range in our investigation, δ = −10−5 and −10−6, which are of
the same order used by Chen et al. [15]
Fig. 16 shows the neutral stability curves with R = 3,  = 1, δ = −10−5 for different values
of Pe = 500, 1000, 2000. Similar to the case of modeling without the Korteweg stresses,
the region of instability increases for increasing Pe. However, few significant changes are
observed, i.e. kmax do not differ much with Pe unlike the case of δ = 0, at least for Pe of same
order. And the kmax values, for different Pe, before the onset of fingering are smaller than
those after the onset of instability, which were opposite in the absence of these stresses. It
further depicts that both the kcric and tcric are almost independent of the values of Pe. It can
be observed that for a fixed value of Pe, the region of instability decreases and tcric increases
with the increasing magnitude of the Korteweg stress constant δ. We further analyze the
Korteweg stress influence on the stability with larger Pe values. Under this circumstance,
the region of instability and the critical time tcric are found to change rapidly as δ increases
in magnitude.
A very important and surprising result has been observed while analyzing the dispersion
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FIG. 16. Neutral stability curves (σ∗ = 0) for different Pe values with R = 3,  = 1 and δ =
−10−5. Lines with markers correspond the locus of the kmax at successive times: Pe = 500(), Pe
= 1000(©), Pe = 2000(5).
curves, which are represented in Fig. 17. In particular, the dispersion curves presented
in Fig. 17(a) for Pe = 5000, 10000 with R = 3,  = 1, t0 = 0.1 and δ = −10−6 depicts
the usual behavior, i.e. larger Pe corresponds to the larger growth rates. However, the
existence of a reverse phenomenon is noticed for such choice of Pe when δ value has been
changed from −10−6 to −10−5 (see Fig. 17(b)) keeping other parameters same as the case
of Fig. 17(a). It is clearly observed that the higher Pe has less than or equal growth rate
for all the wave numbers and this difference between the respective growth rates increase
with k as it crosses kmax. The possible reason is, for a very slow fluid dispersion, steepness
of the concentration gradient gives rise to stronger effect of the Korteweg stresses, whose
stabilization dominates the destabilization of slow dispersion. However, the occurrence of
such reversal property of Pe effect on VF instability depends completely on the magnitudes
of Pe, δ, R,  and t0. Chen et al. [15] also reported similar observation through nonlinear
simulations of the displacement of a miscible circular drop in a Hele-Shaw cell.
Here we look to investigate how the Korteweg stresses monitor the qualitative behavior of
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FIG. 17. Dispersion curves for R = 3,  = 1 at frozen diffusive time t0 = 0.1 with (a) δ = −10−6,
(b) δ = −10−5.
various critical parameters (kc, kcric, tcric, etc.) as Pe value changes. It is observed that in the
presence of the Korteweg stresses (δ = −10−5), for Pe ≤ O(102) (in particular Pe . 500) kc
increases with Pe as kc ∼ Pe0.7, whereas kmax increases little slower, kmax ∼ Pe0.65. Again, for
Pe ≥ O(103) (specifically for Pe & 2000) both kc and kmax decrease, which corresponds the
reversal behavior of Pe in the presence of the Korteweg stresses, as discussed earlier. Finally,
the onset time of instability, tcric, and the corresponding most unstable wave number,[12]
kcric, are analyzed in the presence of the Korteweg stresses. It is observed that both tcric and
kcric become almost constants, which were also clearly observed from the neutral stability
curves (see Fig. 16). Nevertheless, in the nonlinear regime the scenario changes drastically.
Based on the onset of nonlinear fingers (ton) two different stability regimes are found in the
presence of the Korteweg stresses. In particular for R = 1, δ = −10−6 and Pe . 2000, ton
varies as Pe−1.1; while for Pe & 2000, ton ∼ Pe−0.5. The first regime is dominated by the
destabilization due to slow dispersion, whereas in the second regime stabilization of the
Korteweg stresses is dominant.
VI. CONCLUSIONS
Influence of fluid dispersion on miscible VF has been analyzed by solving the governing
equations in their dimensionless form, obtained using convective characteristic scales. It is
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observed that there exists a critical Pe´clet number, Pec, such that the rectilinear displace-
ment becomes unstable if Pe > Pec. However, unlike the radial source flow (see Tan and
Homsy [8]), Pec for the rectilinear displacement varies with t0.
It is further observed that with an increase in Pe the area of the unstable region increases
rapidly. This signifies that slow dispersion leads to an intense unstable scenario. Two vital
parameters kc and kmax are found to increase with Pe; rate of increase is little higher for kc
than kmax for all values of frozen diffusive time t0 and R. On the other hand, kmax decreases
faster than kc with t0 independent of Pe and R. More number of fine scale fingers are formed
when the dispersion becomes very slow (i.e. at higher Pe value) and the onset of fingering
also happens to be earlier under this circumstance.
In the absence of fingering instability Ld changes as
√
t and the proportionality constant
Cdiff decreases with Pe at inverse square root (i.e. Cdiff ∼ Pe−1/2). One of the most
important findings of the present NLS is, unlike the other dimensionless formulation [13],
the average wave number of the unstable modes increases while increasing the Pe values.
This truly incorporates the influence of fluid dispersion and physically signifies that at a
slow rate of fluid dispersion short wave disturbances also become unstable.
It is observed that the onset time of nonlinear fingering ton decreases at a rate 10% higher
than that of tcric, independent of R. In the presence of the Korteweg stresses two different
stability regimes are found to exist having different power law dependence of ton on Pe.
These findings are in resemblance with the LSA results in the presence of the Korteweg
stresses in slow diffusive regime. Further, LSA with the Korteweg stresses shows a very
interesting result about the most unstable wave number kmax. For a fixed nonzero value
of δ, kmax remains almost unchanged with the change in Pe, unlike the case when δ = 0.
Besides that, kmax in the stable regions are smaller than those of unstable regions in the
presence of the Korteweg stresses which is also an opposite phenomenon in the absence
of these stresses. With the inclusion of the Korteweg stress into the model, the variation
of kc and kmax with Pe becomes almost unpredictable that in general follow a particular
relationship without such stresses. Anisotropic dispersion also plays a vital role on the onset
of fingering instability. Smaller transverse dispersion helps in early onset both in the linear
and nonlinear regimes. Usual experiments are performed for miscible VF at U ∼ 5 mm/s
to 50 mm/s with the dispersion coefficient of O(10−3 cm2/s) in Hele-Shaw cells of average
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width 102 mm, i.e. Pe =
ULy
Dx
∼ O(103), which is an unstable configuration[25]. The present
results can be useful for designing the experimental setup to obtain a stable displacement
even for an unfavorable viscosity contrast between the miscible fluids by monitoring the
displacement speed and the diffusion rate that generates the Pe´clet number below a critical
value.
Influence of velocity induced dispersion and concentration dependent diffusion have been
investigated in the literature both theoretically [29–31] as well as experimentally [30] in the
context of miscible viscous fingering instability under different flow conditions. However,
none of those studies explicitly mentioned about the influence of Pe´clet number Pe or Taylor
dispersion Pe´clet number PeTD on the onset of instability. In this paper we attempted
to investigate such influences on the onset of fingering instability both qualitatively and
quantitatively with constant dispersion and molecular diffusion. Inclusion of the velocity
induced dispersion and concentration dependent molecular diffusion is beyond the scope of
the present study and those will be addressed in our future studies.
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Appendix A: Analytic dispersion relation for step initial profile
In this appendix we derive the analytic dispersion relation for a step initial concentration.
However, the LSA in the self-similar (ξ, y, t)-coordinates is limited to the cases of non-zero
frozen diffusive time, as t = 0 is a singular point for ξ =
x√
t
. Hence, an analytic expression
for the dispersion relation at initial time has been derived in (x, y, t)-coordinate systems.
This is followed by determining the dependence of growth rate, most dangerous wave number
and the cutoff wave number on Pe at t0 = 0. Following Tan and Homsy [10], application of
QSSA method yields the following fourth order ordinary differential equation in the (x, y, t)-
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coordinate system,{
1
Pe
(
d2
dx2
− k2
)
− σ
}{
d2
dx2
+R
dc0
dx
d
dx
− k2
}
φ = Rk2
dc0
dx
φ, (A1)
associated with the boundary conditions φ → 0 and Lφ → 0 as |x| → ∞. Here the differ-
ential operator L is defined as, L = R−1k−2
(
d2
dx2
+R
dc0
dx
d
dx
− k2
)
; and the instantaneous
growth rate of the perturbations, σ, is the eigenvelue of Eq. (A1). Taking the initial condi-
tion for the concentration as step profile we have
dc0
dx
= δ(x) at t0 = 0, where δ(x) represents
the Dirac-delta function. Thus, Eq. (A1) boils down to,(
d2
dx2
− l2
)(
d2
dx2
− k2
)
φ = 0, at x 6= 0, (A2)
where l2 = σPe+k2. Solving Eq. (A2) associated with the appropriate boundary conditions
the perturbed velocity φ and the corresponding concentration perturbation ψ are obtained
as,
φ =
 A1elx +B1ekx, x < 0A2e−lx +B2e−kx, x > 0, ψ =

A1(l
2 − k2)
Rk2
elx, x < 0
A2(l
2 − k2)
Rk2
e−lx, x > 0,
respectively. The arbitrary constants A1, A2, B1, B2 to be determined from the matching
conditions,
φ(0+) = φ(0−) (A3)
ψ(0+) = ψ(0−) (A4)
α
dφ(0+)
dx
=
dφ(0−)
dx
, (A5)
which correspond to the velocity continuity, concentration continuity and continuity of pres-
sure, respectively, at the fluid-fluid interface.
Integrating Eq. (A1) from 0− to 0+ we get,∫ 0+
0−
(
d2
dx2
− l2
)(
d2
dx2
+Rδ(x)
d
dx
− k2
)
φ dx =
∫ 0+
0−
PeRk2δ(x)φ dx. (A6)
Using the properties of Dirac-delta function and performing some cumbersome algebra,
dispersion relation can be determined from the following quadratic equation in σPe,
4(σPe)2 + 4k(k −RPe)σPe + k2RPe(RPe− 4k) = 0. (A7)
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Solving Eq. (A7) for the instantaneous growth constant,
σPe =
−4k(k −RPe)−√16k2(k −RPe)2 − 16k2RPe(RPe− 4k)
8
⇒ σ = k
2Pe
(
(RPe− k)−
√
k2 + 2RPek
)
. (A8)
(Other root of Eq. (A7) corresponds a unphysical situation when the perturbation of the
smallest wavelength has the largest growth rate.) We can retrieve the Eq. (42) of Tan and
Homsy [10] by taking Pe = 1 in Eq. (A8). Now, we look to investigate the dependence of σ
on Pe. Differentiation of Eq. (A8) with respect to Pe gives,
dσ
dPe
=
k
2Pe2
{
1 +
k2 +RPek√
k2 + 2RPek
}
≥
(
k
Pe
)2
> 0, (A9)
i.e. σ is an increasing function of Pe.
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